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Abstract: The interactions between gluons are important in theories such as quantum
chromodynamics. Therefore, to rediscover new features of well known methods in order to
investigate the SU(3) gauge group can be a new way to deal with Yang-Mills theories. In
this work we analyzed YM theories through the well known Faddeev-Jackiw formalism for
constrained systems. Besides, we showed precisely that having U(1) Maxwell electromag-
netic theory as a starting point we can construct SU(3)-like and SU(3) ⊗ SU(2) ⊗ U(1)
non-Abelian theories.
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1 Introduction
Gauge invariance is one of the most well established concepts in theoretical physics and it
is one of the main ingredients in Standard Model theory. However, we can ask if it could
have an alternative origin connected to another theory or principle. With this motivation
in mind we will show in this paper that gauge invariance could be considered an emergent
concept having its origin in the algebraic formalism of a well known method that deals
with constrained systems, namely, the Faddeev-Jackiw (FJ) technique. Of course the
gauge invariance idea is older than FJ’s, but the results obtained here will show that
the connection between both will prove that SU(3) and SU(3) ⊗ SU(2) ⊗ U(1) gauge
groups, which are fundamental to important theories like QCD and Standard Model, can
be obtained through FJ formalism.
To explain the FJ method, we can say that when we have to deal with constrained
systems we find consistency problems that spoil the Poisson brackets algebra and conse-
quently any quantization technique. One of the seminal papers that solve this kind of
problem was carried out by Dirac in [1] where a consistent method for quantization was
introduced for any system. Some years later, Faddeev and Jackiw (FJ) [2] analyzed the
constrained systems via symplectic approach applied on first-order Lagrangians. After this
last work, the so-called FJ symplectic approach was used and adapted to several kind of
purposes.
In few words, the FJ method is an approach that is geometrically motivated. It is based
on the symplectic structure of the phase space. The first-order characteristic allows us to
obtain the Hamiltonian equations of motion from a variational principle. Its geometric
structure of the Hamiltonian phase-space will be carried out directly from the equations of
motion via the inverse of the so-called symplectic two-form, if the inverse exists. Few years
after its publication, the FJ formalism was extended [3] and through the years it has been
applied to different systems [4].
In this paper we will explore this alternative application of the FJ formalism in order
to investigate non-Abelian gauge symmetries such as SU(3) and SU(3) ⊗ SU(2) ⊗ U(1).
Although these both results are very well known in the literature, our focus here is to show
that the FJ technique has a wider approach than was previously aimed by its authors.
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Concerning QCD, we believe that we can also analyze confinement using the symplectic
formalism. But this issue is out of the scope of this paper.
This paper is organized in such a way that in section II, using the FJ method, we
developed SU(3) gauge symmetries having U(1) symmetry as the starting point. In sec-
tion III, beginning with U(1) symmetry we have obtained SU(3) ⊗ SU(2) ⊗ U(1) gauge
symmetry. The conclusions are described in the last section. For pedagogical reasons, we
have constructed an Appendix with the main features of QCD-like gauge theories.
2 Constructing the SU(3) non -Abelian theory
In order to construct the SU(3) non-Abelian theory let us consider as a starting point
the U(1) Maxwell Electromagnetic theory in four dimensions, which is described by the
Lagrangian density
L = −
1
4
FµνF
µν , (2.1)
where Fµν = ∂µAν−∂νAµ and the space-time metric is g00 = 1 and gii = −1, with i=1,2,3.
To carry out the first step of the formalism we change the original field as
Aµ → A
a
µ, (2.2)
where a denotes an index belonging to SU(3) symmetry group. Since we want to include
a group index, we rewrite the original Lagrangian density as
L = −
1
4
HaµνH
aµν , (2.3)
whereHaµν = F
a
µν+hF˜
a
µν , h is a parameter and F˜
a
µν = F˜
a
µν(A
a
α) is an arbitrary antisymmetric
tensor. It is well known that τa are the generators of SU(3) that obey a Lie algebra given
by [τa, τ b] = ifabcτ c, where fabc are the structure constants of SU(3) and, by introducing
the field Aµ = A
a
µ(x)τ
a, we should have that [Aµ, Aν ] = if
abcAaµA
b
ντ
c.
The second step of the method is to rewrite the Lagrangian density in Eq. (2.3) in its
first-order form. Then, using the canonical momenta πaµ = δL/δA˙
a
µ, we have that
L = −∂iπ
a
iA
a
0 −
1
2
πai π
a
i − π
a
i A˙
a
i − hπ
a
i F˜
a
0i −
1
4
(
F aijF
aij + 2hF aij F˜
aij + h2F˜ aµν F˜ aµν
)
. (2.4)
The symplectic variables are ξα = (Aai , π
a
i , A
a
0). The two-form matrix is singular and its
zero-mode leads to the Gauss law constraint Ωa = Dabiπbi , where
Dabi = δab∂i + hδF˜ b0i/δAa0 .
Substituting this constraint into the Lagrangian density, we have a new Lagrangian
Lnew = π
a
i A˙
a
i −
1
2
πai π
a
i +Ω
aβ˙a −
1
4
(
F aijF
aij + 2hF aij F˜
aij + h2F˜ aµν F˜ aµν
)
. (2.5)
In this step the new symplectic variables are ξαnew = (A
a
i , π
a
i , β
a) where βa is a Lagrange
multiplier and the new two-form matrix is
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f =


δpibj (y)
δAai (x)
−
δpiai (x)
δAbj(y)
−δijδ
abδ(x − y) δΩ
b(y)
δAai (x)
δijδ
abδ(x− y) 0
(
δab∂yi + h
δF˜ a
0i(y)
δAb
0
(y)
)
δ(x− y)
−
δΩa(x)
δAbi (y)
−
(
δba∂xj + h
δF˜ b
0j(x)
δAa
0
(x)
)
δ(x− y) 0

 .
(2.6)
Since we want to construct the SU(3) non-Abelian field theory, this matrix must be singular
and then we perform a convenient choice for the zero-mode, namely
να =
(
δad∂xi − hf
adcAci (x) , −
δΩd(x)
δAai (x)
, − δad
)
, (2.7)
where fabc are the structure constants of the SU(3) group. Following the prescription of
the method, the multiplication of this zero-mode by the two-form matrix in Eq. (2.6) leads
to
δF˜ b0i(x)
δAd0(x)
= −f bdcAci (x). (2.8)
Then, we have
F˜ b0i(x) = −f
bdcAd0(x)A
c
i (x). (2.9)
From this equation we conclude
Haµν = F
a
µν − hf
abcAbµA
c
ν
= ∂µA
a
ν − ∂νA
a
µ − hf
abcAbµA
c
ν . (2.10)
which is the field strength of the SU(3) theory. We can see clearly that although we have
“put by hand” the form of the extra term in the Lagrangian in Eq. (2.3) which is a valid
procedure in theoretical physics, the FJ formalism fix the value of h and the form of Haµν ,
which is the main role of the technique.
We will see in the next section that we can use the method to even more complicated
theories such as the one for the Standard Model. As we have to introduce two structure
constants, we will see that we have to add two different Lagrangians and consequently the
algebraic calculations turned out to be more complicated.
3 Constructing the SU(3)⊗ SU(2)⊗ U(1) non-Abelian theory
Now, as we intend to construct the SU(3) ⊗ SU(2) ⊗ U(1) non-Abelian theory let us add
to the Lagrangian density of the U(1) Maxwell electromagnetic theory the following terms
L
′ = −
1
4
GaµνG
aµν , (3.1)
L
′′ = −
1
4
HbµνH
bµν , (3.2)
where Gaµν and H
b
µν are arbitrary tensors which will be obtained soon and a and b are
group indexes.
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Thus, following the prescription given in the last section and since Eqs. (3.1) and (3.2)
are analogous to Maxwell Lagrangian, let us consider Gaµν and H
b
µν as
Gaµν = ∂µB
a
ν − ∂νB
a
µ + gχ˜
a
µν , (3.3)
Hbµν = ∂µC
b
ν − ∂νC
b
µ + hW˜
b
µν , (3.4)
where g and h are parameters, χ˜aµν = χ˜
a
µν(B
a
α) and W˜
b
µν = W˜
b
µν(C
b
α) are arbitrary anti-
symmetric tensors. Here we will also suppose that the fields χ˜aµν and W˜
b
µν satisfy the usual
non-Abelian algebra.
Taking into account our considerations, we have the following Lagrangian density
L = −
1
4
FµνF
µν
−
1
4
GaµνG
aµν
−
1
4
HbµνH
bµν . (3.5)
Since we will use the FJ method, we have to write the Lagrangian in (2.1) in first-order
form. It is given by
L = − ∂iπiA0 −
1
2
πiπi − πiA˙i −
1
4
FijF
ij
− ∂iπ
a
i B
a
0 −
1
2
πai π
a
i − π
a
i B˙
a
i
− gπai χ˜
a
0i −
1
4
(
χaijχ
aij + 2gχaij χ˜
aij + g2χ˜aµν χ˜aµν
)
(3.6)
− ∂iρ
b
iC
b
0 −
1
2
ρbiρ
b
i − ρ
b
i C˙
b
i − hρ
b
iW˜
b
0i −
1
4
(
W bijW
bij + 2hW bijW˜
bij + h2W˜ bµνW˜ bµν
)
,
where the canonical momenta are given by
π0 = 0,
πi = −∂0Ai + ∂iA0,
πa0 = 0,
πai = −∂0B
a
i + ∂iB
a
0 − gχ˜
a
0i,
ρb0 = 0,
ρbi = −∂0C
b
i + ∂iC
a
0 − hW˜
b
0i . (3.7)
The symplectic variables are ξα =
(
Ai , πi , A0 , B
a
i , π
a
i , B
a
0 , C
b
i , ρ
b
i , C
b
0
)
and the two-
form matrix can be written as
f (0) =

A
(0) 0 0
0 B(0) 0
0 0 C(0)

 , (3.8)
where
A
(0) =

 0 −δijδ(x− y) 0δijδ(x − y) 0 0
0 0 0

 , (3.9)
B
(0) =


−
δpici (x)
δBdj (y)
+
δpidj (y)
δBci (x)
−δijδ
cdδ(x − y) 0
δijδ
cdδ(x − y) 0 0
0 0 0

 , (3.10)
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C
(0) =


−
δρci (x)
δCd
j
(y)
+
δρdj (y)
δCci (x)
−δijδ
cdδ(x − y) 0
δijδ
cdδ(x− y) 0 0
0 0 0

 . (3.11)
The matrix f (0) in Eq. (3.8) has the following zero-modes
v
(0)
1 = (0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 ) , (3.12)
v
(0)
2 = (0 , 0 , 0 , 0 , 0 , 1 , 0 , 0 , 0 ) , (3.13)
v
(0)
3 = ( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 ) , (3.14)
which lead to the constraints
ω = ∂iπi,
Ωa = daciπci ,
Σb = Dbciρci , (3.15)
where
daci = δac∂i + g
δχ˜c0i
δBa0
and
Dbci = δbc∂i + h
δW˜ c0i
δCb0
.
Substituting these constraints into the Lagrangian density in Eq. (3.6), we have that
L = −
1
2
πiπi − πiA˙i −
1
4
FijF
ij
−
1
2
πai π
a
i − π
a
i B˙
a
i −
1
2
ρbiρ
b
i − ρ
b
i C˙
b
i + ωβ˙ +Ω
aβ˙a +Σbγb
−
1
4
(
χaijχ
aij + 2gχaijχ˜
aij + g2χ˜aµν χ˜aµν
)
−
1
4
(
W aijW
ij
a + 2gW
a
ijW˜
ij
a + g
2W˜ µνa W˜
a
µν
)
,
(3.16)
where β, βa and γb are the Lagrange multipliers. The new symplectic variables are ξα =(
Ai , πi , β , B
a
i , π
a
i , β
a , Cbi , ρ
b
i , γ
b
)
and the new two-form matrix can be written as
f (1) =

A
(1) 0 0
0 B(1) 0
0 0 C(1)

 , (3.17)
where
A
(1) =

 0 −δijδ(x− y) 0δijδ(x− y) 0 −∂yi δ(x− y)
0 ∂xj δ(x− y) 0

 , (3.18)
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B
(1) =


δ(x− y)
δpidj (y)
δBci (x)
−
δpici (x)
δBdj (y)
−δijδ
cdδ(x− y) δΩ
d(y)
δBci (x)
δijδ
cdδ(x− y) 0 −
(
δcd∂yi + g
δχ˜c
0i(y)
δBd
0
(y)
)
δ(x− y)
−
δΩc(x)
δBdi (y)
(
δdc∂xi + g
δχ˜d
0i(x)
δBc
0
(x)
)
δ(x− y) 0

 ,
(3.19)
C
(1) =


δ(x − y)
δρdj (y)
δCci (x)
−
δρci (x)
δCd
j
(y)
−δijδ
cdδ(x− y) δΣ
d(y)
δCci (x)
δijδ
cdδ(x− y) 0 −
(
δcd∂yi + h
δW˜ c
0i(y)
δCd
0
(y)
)
δ(x− y)
−
δΣc(x)
δCdi (y)
(
δdc∂xi + h
δW˜ d
0i(x)
δCc
0
(x)
)
δ(x − y) 0

 .
(3.20)
Since we want to construct a gauge theory based on the SU(3)⊗SU(2)⊗U(1) group,
the matrix in Eq.(3.17) must be singular and we choose three convenient zero-modes,
namely
v
(1)
1 = (−∂i , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0) , (3.21)
v
(1)
2 =
(
0 , 0 , 0 , δce∂xi − gǫ
cefBfi (x) , −
δΩe(x)
δBci (x)
, − δce , 0 , 0 , 0
)
, (3.22)
v
(1)
3 =
(
0 , 0 , 0 , 0 , 0 , 0 , δce∂xi − hf
cefCfi (x) , −
δΣe(x)
δCci (x)
, − δce
)
, (3.23)
where ǫcef are he structure constants for SU(2) and f cef are the analogous for U(3).
The first zero-mode v
(1)
1 does not generate new constraints and the same will occur
with v
(1)
2 and v
(1)
3 since
δχ˜c0i(x)
δBd0 (x)
= −ǫdceBei (x) ,
δW˜ c0i(x)
δCd0 (x)
= −fdceCei (x) . (3.24)
After a straightforward calculation, we have
χ˜a0i = −ǫ
acdBc0B
d
i ,
W˜ b0i = −f
bcdCc0C
d
i . (3.25)
Notice that the theory must remain covariant. Therefore, we conclude that the tensors
Gaµν and H
b
µν have the general forms
Gaµν = ∂µB
a
ν − ∂νB
a
µ − ǫ
acdBcµ(x)B
d
ν ,
Hbµν = ∂µC
b
ν − ∂νCµ − f
bcdCcµ(x)C
d
ν . (3.26)
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Hence, following the FJ methodology, the zero-modes v
(1)
1 , v
(1)
2 and v
(1)
3 are the gener-
ators of infinitesimal gauge transformations, given by
δAµ = −∂µε ,
δBaµ = −∂µε
a
− gǫacdBcµε
d ,
δCbµ = −∂µε
b
− hf bcdCbµε
d . (3.27)
Observe that we have used conveniently the arbitrary zero-mode property. The main
objective here was to introduce the structure constants of SU(2) and SU(3) gauge groups.
However, we have to say that there is one constraint concerning the zero-mode. It is the
constraint of physical reality. Namely, one have to observe if the chosen zero-mode did not
introduce unphysical ingredients in the theory like tachyons. To be sure, one have to make
an analysis of the spectrum of the final theory. In our case, the final theories are very well
known and to perform such an analysis is unnecessary.
We would like to comment that both results of the last sections can lead us to conjecture
that, since the algebra of the FJ method could provide both SU(3) and SU(3)⊗ SU(2)⊗
U(1) theory together with its gauge symmetries, we imagine if the FJ procedure could be
considered an alternative origin of the gauge symmetry concept itself. When we deal with
constrained systems, of course. But then, to extend the gauge symmetry idea (obtained
with FJ technique) to unconstrained models would be straightforward. One possible next
step would be also to investigate if there is a connection between the FJ approach and
Noether theorem.
4 Conclusions
The FJ symplectic formalism was constructed at the final part of the eighties and had
a great development in the nineties. From that point until now we have observed the
growing of its applications and perspectives. And the construction of an extension of
its main structure in the literature. To sum up the FJ method, the transformation of a
higher-order Lagrangian into first-order is done by augmenting the configuration space with
auxiliary variables. After that we have a new set of variables, the symplectic variables.
One of the strongest points of the method is the relative arbitrariness of the zero-mode.
This permits one to construct a whole family of gauge symmetries which is very useful.
However, as we comment above, we have to analyze the spectrum of the final theory in
order to avoid unphysical objects being introduced in the process.
In this work we took advantage of this arbitrariness property. Firstly, in section II
we have obtained the SU(3) gauge theory using only the FJ method. In the following
section after constructing the symplectic matrix we could construct the zero-mode that
have provided both SU(2) and SU(3) structure constants. In this way our final theory has
SU(3)⊗SU(2)⊗U(1) gauge symmetry and we present the respective gauge transformations.
Since the gauge symmetry is an underlying component of the Standard Model, which
has an SU(3) ⊗ SU(2) ⊗ U(1) symmetry we can imagine, as a next step, what the FJ
method can say about the Higgs mechanism. It is an ongoing research.
5 Appendix - QCD: the SU(3) approach
Our motivation in this section is, besides to provide a brief and pedagogical presentation of
the main parts of QCD gauge theory, to carry out some comments about the gluon gauge
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field that helps the physical understanding of the mathematics developed in section III.
One of the most beautiful concepts in theoretical physics is the interactions are gov-
erned by symmetry principles. It is well known that the structure of QCD can be originated
form local gauge invariance. The symmetry group is the SU(3) group of phase transfor-
mation on the quark color fields.
Let us write the free Lagrangian given by
L0 = q¯j (iγ
µ∂µ − m)qj (5.1)
where q1 , q2 and q3 indicate the three color fields.
To guarantee that L0 is invariant under local phase transformations given by
q(x)→ Uq(x) ≡ eiαa(x)Ta q(x) (5.2)
where U is an arbitrary 3× 3 unitary matrix. In Eq. (5.2) we assumed a summation over
the repeated a. We define Ta (a = 1, . . . , 8) as a set of linearly independent traceless 3× 3
matrices. Concerning αa, they are group parameters. The algebra constructed with the
generators Ta is non-Abelian given by [Ta, Tb] = ifabc Tc, where fabc are the so-called the
structure constants of the group.
The problem here is to make the Lagrangian in (5.1) invariant under SU(3) local gauge
transformations
q(x)→
[
1 + iαa(x)Ta
]
q(x) (5.3)
∂µ →
(
1 + iαaTa
)
∂µ (5.4)
where the last term in (5.4) spoils the invariance of L0. The construction of an invariant
Lagrangian requires the introduction of (eight) gauge fields Gaµ each transforming as
Gaµ → g
a
µ −
1
g
∂µαa (5.5)
and a covariant derivative
Dµ = ∂µ + igTaG
a
µ (5.6)
in order to substitute ∂µ → Dµ in Lagrangian (5.1) and obtain
L = q¯
(
iγµ∂µ − m
)
q − g
(
q¯γµTaq
)
Gaµ . (5.7)
However, due to the non-Abelian nature of the gauge transformation, it is not simple
to produce a gauge invariant Lagrangian. Hence, to obtain the gauge invariance, we have
to rewrite (5.5) such that
Gaµ → G
a
µ −
1
g
∂µαa − fabcαbG
c
µ (5.8)
and the consequence is to add a kinetic energy term for each of the Gaµ fields. So, the
resulting gauge invariant QCD Lagrangian is
L = q¯
(
iγµ∂µ − m
)
q − g
(
q¯γµTaq
)
Gaµ −
1
4
Gaµν G
µν
a , (5.9)
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where Gaµ is given by
Gaµν = ∂µG
a
ν − ∂νG
a
µ − gfabcG
b
µG
c
ν . (5.10)
From Eq. (5.9) we can see that, analogously to the photon, the gluon field Gaµ is required,
by gauge invariance, to be massless. The Lagrangian in Eq. (5.9) is for interacting colored
quarks q and vector gluons Gaµ, with the coupling being specified by g. Or, in other words,
it describes three Dirac fields with equal mass (the three colors of a given quark flavor)
interacting with eight massless vector fields, namely, the gluons. The Dirac fields constitute
eight color currents which have the role of being the sources for the color fields, Aaµ. As
the phase transformations of the three quark color fields can vary, we have that eight
vector gluon fields are needed to compensate all possible changes, remembering that Gaµ
has a = 1, . . . , 8.
Another feature can be seen in the field strength tensor Gaµν written in Eq. (5.10).
The kinetic energy term in Eq. (5.9) is not purely kinetic but includes an induced self-
interaction between gauge bosons. This is a manifestation of the non-Abelian property of
the gauge group. The gauge invariance establish, in a unique way, the structure of the
gluon self-coupling terms. But notice that there is only one coupling g.
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